Influence of Thermal and Magnetic Field on Vibration of Double Walled Carbon Nanotubes Using Nonlocal Timoshenko Beam Theory  by Ponnusamy, P. & Amuthalakshmi, A.
 Procedia Materials Science  10 ( 2015 )  243 – 253 
Available online at www.sciencedirect.com
2211-8128 © 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the International Conference on Nanomaterials and Technologies (CNT 2014) 
doi: 10.1016/j.mspro.2015.06.047 
ScienceDirect
2nd International Conference on Nanomaterials and Technologies (CNT 2014) 
Influence of thermal and magnetic field on vibration of double 
walled carbon nanotubes using nonlocal Timoshenko beam theory  
P. Ponnusamya,* and A. Amuthalakshmib 
aAssociate Professor, Department of Mathematics, Government Arts College, Coimbatore 641018, Tamilnadu, India 
bResearch Scholar, Department of Mathematics, Government Arts College, Coimbatore 641018, Tamilnadu,India 
Abstract 
In this paper, the influence of thermal and magnetic field on transverse vibration of double walled carbon nanotubes are 
investigated using nonlocal Timoshenko beam theory. The governing equation of motion with small scale effects are formulated 
by considering thermal and Lorentz magnetic force. The dispersion relation is derived for carbon nanotubes with simply 
supported ends and the numerical simulations are done using MATLAB. Dispersion curves are drawn for both double and single 
walled carbon nanotubes for different mode and magnetic field strength. The numerical result shows that the strength of magnetic 
field increases the natural frequencies and the nonlocal parameter decreases the natural frequencies of carbon nanotubes. Further 
to discuss the accuracy of the present result, the dispersion curves of single walled carbon nanotubes obtained by omitting the 
magnetic field are compared with the existing literature. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the International Conference on Nanomaterials and Technologies (CNT 2014). 
Keywords:Nonlocal Timoshenko beam theory; Magnetic field; Vibration; Simply supported ends; Natural frequencies 
1. Introduction 
Carbon nanotubes (CNTs) are developed greatly due to its outstanding mechanical, thermal, electric, magnetic 
and chemical properties. The mechanical properties of CNTs are simulated through two categories namely the 
molecular dynamics simulation and continuum mechanics. Since the molecular dynamics simulation are expensive 
 
 
* Corresponding author. Tel.:+91-979-153-2046. 
E-mail address:pponnusamy2013@gmail.com 
 5 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons. rg/licenses/by-nc- d/4.0/).
Peer-review under responsibility of the International Conference on Nanomaterials and Technologies (CNT 2014)
244   P. Ponnusamy and A. Amuthalakshmi /  Procedia Materials Science  10 ( 2015 )  243 – 253 
and takes unaffordable time in performing experiments, the continuum mechanics have been developed for studying 
the vibration properties of CNTs. 
Timoshenko beam model is known for its inclusion of rotary inertia and shear deformation effect in CNT. 
Recently Timoshenko beam model along with nonlocal elastic theory of Eringen (1983) is developed greatly due to 
its investigation of larger number of atoms with good accuracy. Yang et al. (2010) studied the nonlinear free 
vibration of single walled carbon nanotubes (SWCNTs) using von Karman geometric nonlinearity, Eringen’s 
nonlocal elasticity theory and Timoshenko beam theory. Ansari and Sahmani (2012) investigated the free vibration 
of SWCNT based on different nonlocal beam theories. Yang and Lim (2012) developed the thermal buckling of 
nanobeams using Timoshenko beam model and nonlocal elasticity theory.  
Based on nonlocal Timoshenko beam theory Pradhan and Mandal (2013) analyzed the vibration responses of 
CNTs under thermal environment and transverse loading. Ansari et al. (2012) employed a Winkler type elastic 
foundation model and studied the dynamic stability of embedded SWCNTs including thermal effects. Maachou et al. 
(2011) investigated the influence of thermal effect on the free vibration of zigzag SWCNTs using nonlocal Levinson 
beam model. Aydogdu and ECE (2007) analyzed the vibration and buckling behavior of simply supported double 
walled carbon nanotubes (DWCNTs) using Timoshenko beam theory. Zhang et al. (2014) studied the vibration and 
buckling behavior of Timoshenko beam using the strain gradient elasticity theory.  
Kiani (2013) examined the free transverse vibration of elastically supported DWCNTs subjected to axially 
varying magnetic field. The author also evaluated the flexural frequencies of magnetically affected DWCNTs with 
different boundary conditions. Ponnusamy (2007, 2012) investigated the vibration in a generalized thermo elastic 
solid cylinder of arbitrary cross-section and plate of polygonal cross-section using the Fourier expansion collocation 
method. Ponnusamy and Amuthalakshmi (2013) studied the vibrational frequencies of DWCNTs with simply 
supported ends and resonant frequencies with prestress and without prestress effect. Later the same authors (2014) 
studied the thermal effect on wave propagation of carbon nanotubes embedded in an elastic medium using elastic 
shell theory. 
In the present paper, the effect of thermal and magnetic field on the vibration of DWCNTs are investigated. In 
order to analyze the small scale effects on the CNTs a nonlocal elastic theory has been proposed with Timoshenko 
beam theory. The governing displacement equation of motion of CNTs is established by assuming the thermal and 
Lorentz magnetic force. The dispersion relation is derived for DWCNTs by solving the governing equation for 
simply supported ends. The numerical values of natural frequencies are computed using MATLAB and their 
characteristic behavior are discussed. In order to validate the accuracy of the result, a comparison of natural 
frequencies of SWCNTs by eliminating magnetic field is compared with the existing literature. 
2. Formulation of the Problem 
Consider a SWCNT based on Timoshenko beam model which includes both effect of shear and rotary inertia. An 
elementary part of simply supported SWCNT in axial magnetic field under the effect of shear and rotary inertia is 
shown in Fig. 1. The governing equation for the transverse vibration of SWCNT under the effect of thermal field is 
expressed as Graff (1991) and Benzair et al. (2008) as 
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where x is the axial coordinate, t is the time,  ,M x t and  ,V x t  is the bending moment and resultant shear force 
given by 
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A
V dAW ³                                                                                                                                                     (3b) 
in which V and W are the normal and shear stress respectively, A is the area of cross-section, I is the moment of 
inertia, U is the mass density, q is the pressure exerted on nanotube,  ,w x t is the transverse deflection of nanotube 
and  ,x t\ is the slope of cross section due to the bending of the nanotube and tN denotes the additional axial force 
given by 
 tN EAD T                                                                                                                                                    (4) 
where ,D E and T denotes the thermal expansion coefficient, Young’s modulus and temperature change 
respectively. 
      
 
Fig. 1 An elementary part of  SWCNT with simply supported ends under the effect of magnetic field and external force based on Timoshenko 
beam model 
    Applying a longitudinal magnetic field vector  ,0,0xH H with magnetic field permeability K on the nanotube, a 
Lorentz force exerts on nanotube. We assume that the Lorentz force acts in the z  direction only, therefore the 
pressure exerted on nanotube due to Lorentz magnetic field can be expressed as Karlicic et al. (2014) as 
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where zf denotes the Lorentz force along z  direction. 
    In nonlocal continuum theory, the stress at a point is assumed to be a function of strain field at every point in the 
body. Based on the nonlocal theory of Eringen (1983) and generalized Hooke’s law, the constitutive relation 
between the stress and strain in one-dimensional case is given by 
              220 2e a Ex
VV Hw  w                                                                                                                                       (6a)  
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WW Jw  w                                                                                                                                        (6b) 
where 0e a denotes the nonlocal parameter which reveals the small scale effects, G denotes the shear modulus, H and 
J respectively denotes the normal and shear strain given by 
            y
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    Substituting Equations (7) in Equation (6) and then using Equation (3) in the resulting equation, we obtain the 
expression for bending moment and shear force for a nonlocal model as 
              220 2MM e a EI xx
\w w  ww                                                                                                                              (8a) 
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in which E is the shear coefficient depending on the shape of cross-section. 
    Substituting Equations (1) and (2) in Equation (8) and using Equation (5), the expression for nonlocal bending 
moment and shear force can be obtained as 
              3 2 2 22 20 2 2 2 2t xw w wM EI e a I A N AHx x t t x x
\ \U U K§ ·w w w w w    ¨ ¸w w w w w w© ¹                                                                 (9) 
              3 320 2 3tw w wV GA e a A Nx x t xE \ U
§ ·w w w§ ·   ¨ ¸¨ ¸w w w w© ¹ © ¹
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    By substituting Equations (9) and (10) in Equations (1) and (2), the equations of motion for a nonlocal 
Timoshenko beam model under the effect of thermal and magnetic field can be obtained as 
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    Assume that the nanotube is simply supported, and then the deflection and rotation of the nanotube can be 
expressed in terms of periodic solution as 
             , sini tw x t We xZ O                                                                                                                                  (13a) 
             , cosi tx t e xZ\ \ O                                                                                                                                  (13b) 
where ,n n LO S W the amplitude of the deflection of the beam, \ is the amplitude of the slope of beam due to 
bending deformation and Z is the frequency of the wave motion. 
    Substituting Equations (13) into Equations (11) and (12), the wave dispersion relation can be obtained as 
           2 21 42n n n na a bZ  r                                                                                                                                    (14) 
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        From Equation (14), it is known that there are two modes of vibration for Timoshenko beam model in which 
one mode of deformation is the transverse deflection and the other mode is the transverse shearing deformation. 
Further the Timoshenko beam model can be reduced to Euler – beam model by eliminating the effect of rotary 
inertia and shear force.  
 
3. Double walled carbon nanotube subjected to thermal and magnetic field 
 
    Consider a DWCNT under the effect of thermal and longitudinal magnetic field subjected to rotary inertia and 
shear deformation. Then the governing equation of motion using nonlocal Timoshenko beam theory can be written 
as 
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where ,iw ,i\ ,iA iI and itN  1,2i  are the deflection, rotation angle of cross-section, area of cross-section and 
moment of inertia of inner and outer tube respectively and  1,2ip i  is the pressure exerted on thi tube due to van 
der Waals (vdWs) interaction between adjacent tube and is given by 
         2
1
i i j
j
p c w w
 
 ¦                                                                                                                                             (21) 
where c is the vdW interaction force between the adjacent tubes. Since the interaction between the tubes is 
negligible, the pressure is proportional to the difference in deflection between the two tubes. 
     Since the ends of the tube are simply supported, the deflection and rotation of DWCNT with respect to periodic 
solution can be written as 
            , sin 1,2i tiiw x t W e x iZ O                                                                                                                      (22a) 
            , cos 1,2i tii x t e x iZ\ \ O                                                                                                                      (22b) 
where iW and i\ denote the amplitude of deflection and slope of inner and outer tube. 
     Substituting Equations (22) in Equations (17) – (20) with Equation (21), we obtain a set of coupled differential 
equation of the form 
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    Equations (23) – (26) are homogeneous equation which gives a trivial solution. To obtain non-trivial solution we 
equate the determinant of the coefficient matrix to zero as follows 
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in which     1 22 2 2 21 1 1 01 ,t xg GA N A H e a cE O K O O     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2 210 2 01g I e aU O  . 
     Evaluating the determinant given in Equation (27), we obtain a polynomial equation of degree eight in terms of 
frequency as 
     
8 6 4 2
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where 1 2 5 7 10 ,B g g g g  2 2 5 7 9 6 10 4 7 10 1 5 7 10 ,B g g g g g g g g g g g g g    ª º¬ ¼  
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4. Dispersion relation of DWCNT subjected to thermal field 
     
    Consider a DWCNT with thermal field alone under the influence of rotary inertia and shear force. By 
neglecting the magnetic terms and following the same procedure as discussed in section 3, we obtain the frequency 
equation of DWCNT under the effect of thermal field as 
     
8 6 4 2
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where 1 2 5 7 10 ,C g g g g 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5. Numerical results and discussion 
 
    In this paper, the thermal and magnetic field vibration properties of both SWCNT and DWCNT are studied. 
The numerical value of magnetic field strength and magnetic permeability are taken from Li et al. (2008) as 
710xH A m and 74 10 H mK S  u . Further the coefficient of thermal expansion is negative at low temperature 
and positive at higher temperature. Here we have considered the low temperature in which the value of thermal 
expansion is 6 11.6 10 KD    u and temperature is 40KT  .The numerical parameters used in the calculations are 
considered from Benzair et al. (2008) as Young’s modulus 1 ,E TPa mass density 32.3 ,gcmU  diameter 
0.7d nm and thickness to be 0.3nm . The value of nonlocal parameter 0 1.5e a nm and the aspect ratio 40L d  .  
 
       A graph is drawn between mode n  1,2,3...n  and natural frequency of a DWCNT under the effect of thermal 
and magnetic field and is shown in Fig. 2. From Fig. 2, it is observed that the natural frequency increases as modes 
of vibration increases. Here the numerical value of mode 2 and mode 3 occurs in complex values, therefore the real 
part of natural frequencies are same. Further the negative frequencies are ignored as it gives waves in opposite 
directions. A variation graph is drawn between the mode n and nonlocal frequency ratio of a DWCNT under the 
effect of thermal field at different nonlocal parameter and is shown in Fig. 3. From Fig. 3, it is observed that the 
nonlocal frequency ratio decreases as nonlocal parameter increases.  
       A dispersion curve is drawn between the mode n and natural frequency of thermally affected DWCNT at 
different modes of vibration and is shown in Fig. 4. From Fig. 4, it is observed that the natural frequency increases 
as modes of vibration increases. A dispersion curve is drawn between the mode n and natural frequency of a 
SWCNT under the effect of thermal and longitudinal magnetic field at different nonlocal parameter and is shown in 
Fig. 5. From Fig. 5, it is observed that as mode increase the natural frequencies increases. Also it is observed that the 
natural frequency decreases as nonlocal parameter increases for every modes of vibration. A graph is drawn between 
the mode n and nonlocal frequency ratio of DWCNT under the effect of thermal and longitudinal magnetic field at 
different nonlocal parameter and is shown in Fig. 6. From Fig. 6, it is observed that as n increases the nonlocal 
frequency ratio decreases. Also it is observed that the nonlocal frequency ratio decreases as nonlocal parameter 
increases for every modes of vibration. 
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Fig. 2 Dispersion curve between the mode and natural frequency of DWCNT under the effect of thermal and magnetic field 
 
 
 
Fig. 3 Variation of nonlocal frequency ratio of a thermal effect on DWCNT at different nonlocal parameter 
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Fig. 4 Dispersion curve between the mode and natural frequency of the effect of thermal on DWCNT at different modes of vibration 
 
 
 
Fig. 5 Dispersion curve between the mode and natural frequency of a SWCNT under the effect of thermal and magnetic field at different nonlocal 
parameter 
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Fig. 6 Variation of nonlocal frequency ratio of DWCNT under the effect of thermal and magnetic field at different nonlocal parameter 
 
    Graphs are drawn between the mode n and natural frequency of a DWCNT and SWCNT under the effect of 
thermal and magnetic field at different magnetic field strength and are shown in Figs. 7 and 8. From Figs. 7 and 8, it 
is observed that the natural frequencies in terahertz range increases as mode increases. Also it is observed that the 
natural frequency increases as magnetic field strength increases for every modes of vibration. 
 
Fig. 7 Dispersion curve between mode and natural frequency of a DWCNT under the effect of thermal and magnetic field at different magnetic 
field strength 
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Fig. 8 Dispersion curve between mode n and natural frequency of a SWCNT under the effect of thermal and magnetic field at different magnetic 
field strength 
 
     A comparison graph is drawn between the nonlocal frequency ratio of SWCNT and DWCNT at different 
nonlocal parameter and is shown in Fig. 9. From Fig. 9, it is observed that the nonlocal frequency ratio decreases as 
n increases. Also it is observed that the nonlocal frequency ratio of SWCNT is lower than DWCNT. The nonlocal 
frequency ratio curves of SWCNT with marked line matches with the curves of Figure 1 of Benzair et al. (2008). 
This shows the accuracy of the present result. 
 
 
Fig. 9 Comparison of nonlocal frequency ratio between SWCNT and DWCNT under the effect of thermal at different nonlocal parameter 
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6. Conclusions 
 
     The nonlocal Timoshenko beam theory has been proposed to study vibration of DWCNT under the influence of 
thermal and magnetic field. The dispersion relations are derived for both SWCNT and DWCNT. The numerical 
simulations are done using MATLAB and the computed natural frequencies are shown in the form of dispersion 
curves. The numerical result shows that the strength of magnetic field increases the natural frequencies while the 
nonlocal parameter decreases the natural frequencies of CNTs. Further the curves of nonlocal frequency ratio of 
SWCNT obtained by omitting the magnetic field matches well with the existing literature. 
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